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Abstract. Let & be a family of 2"*! subsets of a 2n-element set. Then the number of disjoint pairs
in & is bounded by (1 + o(1))2?". This proves an old conjecture of Erd6s. Let & be a family of
20+ )+an cybsets of an n-element set. Then the number of containments in & is bounded by

(1 = Yk + o1)) (|\927 l) . This verifies a conjecture of Daykin and Erdés. A similar Erdés-Stone type

result is proved for the maximum number of disjoint pairs in a family of subsets.

1. Introduction
Let # be a family of m distinct subsets of X = {1,2,...,n}. Let d(F) (¢(#)) denote
the number of disjoint (comparable, respectively) pairs in &. That is:
dF)=|{{F,.F}.F,FeZ,FNF = g}
c(#)=|{(F,F). F,Fe#,F cF}|
Define
dr,m) = max {d( ) || = m),
e(n,m) = max{c(#) |F| = m}.

Several years ago Erdds [4] raised the problems of determining or estimating
d(n,m). A similar problem for ¢(n, m) is considered in [3].

Example 1.1. Let X, U X, U...U X, be a partition of X, where | n/k] < |X,] < [n/k].
Suppose m < k-2"* and let o be a collection of subsets of X; with
Lm/k] < || < [m/k], (4| + |o5) + -+ + |] = m. Then

At Ut U...Ust) > (1 —%X';’)
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Example 1.2. Let X, X,,..., X, and m be as in Example 1.1. Let 4, be a collection of
subsets of X,UX,U...UX, each containing X,UX,U...UX;_;, where
Lm/k] < |%| < [m/k], |B,| + |%,| + - + |%] = m. Then

1
(B UBU.. . UB) > (1 ‘75)(;)
The following theorems show that these examples are essentially best possible.

Theorem 1.3. For every positive integer k there exists a positive p = B(k) such that if
m = 2D+ \hore § > 0 then

d(n,m) < (1 - %) (';’) + O(m P,

Theorem 1.4. For every positive integer k there exists a positive §' = p'(k) such that if
m = 20/k+D+n whore § > 0 then

<o) e

The case k = 1 of the above theorems was conjectured by Daykin and Erd6s [7].
The general case settles a problem of Erdos [7], namely it shows that an Erdos-
Stone type result holds. Also the case k = 2 implies another conjecture of Erdés in a
much stronger form [4].

Our paper is organized as follows. In Section 2 we outline a direct probabilistic
proof for the case k = 1 of both theorems.

In Section 3 a partition lemma for arbitrary families of sets is proved and applied
to verify the theorems with a somewhat weaker estimate of the remainder term.

In Section 4 we combine the probabilistic approach with results of Bollobas,
Erdds and Simonovits on supersaturated graphs and hypergraphs to prove both
theorems in full strength.

In Section S5 we outline various generalizations dealing with the number of
chains of given length, the number of pairwise disjoint r-tuples of sets, etc.

In the last section open problems and conjectures are mentioned.

2. The Basic Probabilistic Argument
Let # be a family consisting of m = 2(1/2*9" gybsets of X = {1,2,...,n}, where
4 > 0. We claim that

d(F) < m*~¥R2, (2.1)
Note that this inequality, when applied to & U {X — F: F e # } shows that

c(F) < 4m*~¥2,

To prove(2.1) suppose it is false and pick independently t members 4,, 4,,..., 4,
of &# with repetitions at random, where t is a large positive integer, to be chosen
later. We will show that with positive probability]4, U4, U...U 4, > n/2 and still
this unijon is disjoint to more than 2”2 distinct subsets of X. This contradiction will
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establish (2.1). In fact

Pr4,UA4,U..U4l<n2)< Y PrA,<Si=1,..,1

S<X,1Slsn/2
< (22D +IY - n(i—o0) (22)
Define
v(B) = |{AeF:BNA = g}|.
Clearly

Y o(B) = 2d(%F) > 2m> ",

Be#

Let Y be a random variable whose value is the number of members B e % which are
disjoint to all the A4; — 5 (1 < i < t). By the convexity of z* the expected value of Y
satisfies

1 ZU(B)‘ 1 2d(.97) t o
= - . A > . 2 1—1té /2'
E(Y) B;y (v(B)/m) - m< - ) z m<————m > 2m
Since Y < m we conclude that

Pr(Y > ml—r62/2) > m—-tdzlz. (23)

One can check that for t = [1 + 1/(6 ~ 6%/4 — 83/2)), m*~*%*/2 > 272 and the
right-hand side of (2.3) is greater than the right-hand side of (2.2). Thus, with positive
probability, |4, U A, U...U 4, > n/2 and still this union is disjoint to more than 2"/?
members of F. This contradiction implies inequality (2.1), thus proving Theorems
1.3and 14fork = 1. d

3. A Partition Lemma for Families of Subsets

For 0 <y <1 let H(y) denote the binary entropy, ie., H(y)=ylog,(1/y)+
(1 —7)log,(1/(1 — 7))

Lemma 3.1. Let a, §, 7, ¢, a be positive constants satisfying0 < o, ,e < 1,1 <a <2,
H(y) < 4log,a. Let # be afamily of a" subsets of X = {1,2,...,n}. Then there exists a
partition F,U F, U.. . UZF, of & and subsets X,, X,, ..., X, = X satisfying the follow-
ing four conditions:

(@) 1%l <elZl.
(i) |#l = ea|F|, where M = max {t: 201 PF+HIMN 5 ¢ gign)
(i) 1F N(X — X;)| < |X — X,| holds for all Fe %,
(iv) For every Y, < X; satisfying | ;| = B| X
{FeZ:IFNY] <7yl|Yi} < alFj.

Remark. One can easily check that if «, 8, y, ¢ and a are as above and n
> no(«, B, 7, ¢, a) then the number M defined in (ii) satisfies
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M < |log, log, a*/*/log,(1 — B)..
Note that this bound is independent of n.

Proof of Lemma 3.1. Suppose that disjoint subfamilies #,, %,,-"-, %_, of &,
together with subsets X,, X,,..., X;_, of X, satisfying (ii)—(iv) have already been
defined. Set %, = F — (F,U...UZ_,). If |%,| < ¢|F|, define %, = ¥, to complete
the proof. Otherwise, define Z, = X. Clearly (%, Z,) satisfy (iii) (as (%, X})). Sup-
pose that a pair (¥;, Z;) satisfying (iii) has already been defined. If (iv) does not hold
for this pair, then it fails for some Y; < Z;. In this case set 4., = {Ge¥;: |GN Y|
<yl|Y{} and Z;,, = Z; - Y;. Clearly (%;. , Z;.,) satisfy (iii). Continue this proce-
dure to obtain a pair (¥;, Z;) satisfying (iv). (Since |Z}| is strictly decreasing during this
procedure it must produce such a pair.) Set #, = %, X; = Z;. To complete the proof
we show that % satisfies (ii). Since & =¢;, we have |X||<n(l — ) and
|F] > od|%,| = eaf|F|. Thus we must show that j < M. However, this follows from
the definition of M and

el Fl< |F < 2% Y (IX - X fl) < QMU—BY+H).

r<vlX—Xi r

(Here we used a special case of Chernoff’s inequality [6].) O

We now apply Lemma 3.1 to obtain a somewhat weaker version of Theorem 1.3.
Let & be a family of m = 20/&+D*+9n gupsets of X = {1,2,...,n}. Apply Lemma 3.1
to & with g = 2(M/e+1)+9) with positive small constants ¢ = a and y > 0 sufficiently
small with respect to q, ¢, § and with § = yd/k. Let &, and X be the subfamilies of #
and the subsets of X guaranteed by our Lemma. Since M is bounded by a function

1 0
independent of n, (ii), (iii) imply that if n > n,, |X;| > n<m + 5) (Otherwise
|F] < 2% QHO=IXD yiolating (ii).) We need the following simple observation.

é
Proposition 3.2. If Z,,..., 2., = X, |Z} = n( + -), then there are 1 <i<

k+1 2
5
jSk+1with|Z,NZ| > 2n.

k+1 k
k+1)8 k+ 1\ C
thus IZIU...UZ,,+Il>n+u-n—( );n:n, which is impossible. [J

16\ (-
Proof. If this is false then |Z, — (Z,U...UZ_)| > n< + 5) I it ) A

2 2
. o
Therefore, among any k + 1 X;-s there are two, say X, X;., with | X;N X,.| > P

Suppose | X;N X;| > Z"’ Applying (iv) twice we conclude that the number of disjoint

pairs F, F' with Fe %, and F e &' is <(1 — (1 — )| F||F:| < 26| F||F:). (Indeed,
. 0

atleast (1 — ¢)|%] members of &, contain a subset of at least z};—n clements of X; N X,

and each such subset has a nonempty intersection with at least (1 — ¢)|.%;| members
of #..)
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Define a graph on the set of vertices & where F, F'e # are joined if FN F' = g,

o . .
and | X;N X;| < % n,where F € #;, F' € #;.. By Proposition 3.2 our graph contains no
complete subgraph on k + 1 vertices. Thus, by Turan’s theorem, it has at most

1 2
(1 - z)% edges. This, (i), and the preceding discussion imply

1\ m? 1\ m? 5
dF) <1 -7 )5 +I1FNFI + L2FNFI < (1 -1 )5 + 3 em?.

Since ¢ > 0 was arbitrary, we conclude that

d(F) < (1 - % + o(1)><';>.

This proves a weaker version of Theorem 1.3. A similar argument yields a proof of
Theorem 1.4 with a somewhat weaker estimate of the remainder term. We omit the
details. O

4. The Proof of the Erdos-Stone Type Results

In this section we prove Theorem 1.3 in detail and indicate how to prove Theorem
1.4 similarly. Suppose k > 0, and let & be a family of m = 2(/t*1)+dn gubgets of X

- 1 i
= {1,2,...,n}, where § > 0. We must show that d(F) < (1 — E)(?) + O(m*~#%)
for some g = B(k) > 0. Suppose

d(F) = (1 - % + s)(;l), where ¢ = m"<< %)

Let G be a graph on the set of vertices # in which 4, Be & are adjacentiff AN B

1
= @. Clearly G has (1 7z +¢ '; edges. Let t be a large integer, to be chosen

later,and let K = K, ,,(t) denote the complete (k + 1)-partite graph with ¢ vertices
in each vertex class. Qur proof is organized as follows. First we apply the so-called
theory of supersaturated graphs to obtain a lower bound for the number of copies of
K in G. Afterwards we use our probabilistic argument to obtain an upper bound for
this number. Combining the two bounds we obtain the desired result. We begin with
the following simple lemma.

Lemma 4.1. For s < m the number of induced subgraphs of G on s vertices with >

1 1+"3 S dges is at | tk'sm
A 2 2 edges 1s at leas 3 s.

1
Proof. The average number of edges in such a subgraph is (1 % + a) <s

2). Thus, if

N is the number of desired subgraphs then



18 N. Alon and P. Frankl

s m 1 &\/s m 1 s
M)+ (()-m)(-2+39)G)= () -i2)G)
The desired results follows. O

By a result of Bollobas, Erdds and Simonovits [2]if 0 < ¢ < 1/k then any graph

1
on s vertices with > <1 % + %)(;) edges contains a copy of Ky.4)(t) for

= [ ko; logl j , where « is an absolute constant. Thus, each of our N subgraphs
ogl/e

. . . . m—(k + 1)z\ .
contains such a copy, and since every copy is obtained at most s—(k+ )¢ times

— k 1 . {(k+1)t
the total number of K-s in G is at least N " ( + ) ¢ > —’f—e i .
s — (k + l)t 2 \s

Set s = m”/, where 0 < f < 1 will be chosen later, to obtain:

k
Lemma 4.2. G contains at least Em“‘f We+11=9 copies of K+q)(t) where t = [ %1]
g

|

We now establish an upper bound for the number of K-s in G. Indeed, let us pick
at random a class of t distinct members A,,...,A4, of #. The probability that

n
LAl <
IU;-I :l—k+1

is clearly bounded by

- S
sex,Sism+1) \ L t

Thus, if we choose at random k + 1 such classes the probability that the

is

. . . . n
cardinality of the union of at least one of these classes has size not exceeding k11

at most (k + 1)2"*~%), However, this condition is necessary if these classes are the
classes of vertices of a K = K 41(t) in G. We thus proved the following.

k+1
Lemma 4.3. G contains at most (k + 1)2"““’"(?) copies of K +1)(t)-

1
(k+ 1)
Combining Lemmas 4.2 and 4.3 we conclude that
M= NE+DE=g < In(1=80) p (ke +1)
Substitute m = 2(1/k+1)*am 14 get
(L+(k+ D)1= f)lk+ 1)t —g) <tk + (1 + (k+ 1)J) + (1 — dt)(k + 1),
ie.,

k+1+g(1+(k+1)9)
k+1)6—(k+1)f(1 + (k+1)0)

tS(

Recall thatt = [il—| = i‘—f and that we are still free to choose 0 < f < 1. Choosing
g g
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ok . 1
f= - ¥, where y < %, this implies that for sufficiently small §, g > 3 8y, ie,

1 m
- —(1/5)8%y
d(.%‘)s(l k+m >(2>

Since y depends only on k, Theorem 1.3 follows. O

The proof of Theorem 1.4 is similar although slightly more complicated. Again,
we begin with a family # of cardinality m = 2(/®+1)*" and assume

o(F) = (1 - % + m"’) (';)

Welet G denote the graph on the set of vertices # in which A, Be # are joined iff A
< Bor B « A.By[1] G contains at least y(k)m**'~¢ K, .., -s each corresponding to a
chain 4, € A, = - © A, of members of F, where y(k) is a constant dependent
only on k. A straightforward averaging argument shows that there exists a partition

m
FiU...UZF,, of F, where |'k+ i

chains 4; © A, * < A4y, Where 4, & is > A(k)-m**'7% Consider the (k + 1)-

uniform (k + 1)-partite hypergraph H on the set of vertices &% in which
(Ay,-.-,Aysy)isanedgeiffl 4,6 F and 4, < --- < A4y By [5, Theorem 1**] ifg

>g and m is sufficiently large ‘then H contains at least p(k)m? &gy ** copies of K
= the complete (k + 1}-partite (k + 1)-uniform hypergraph with ¢ vertices in each
vertex class. However, each copy of K corresponds to a collection of k + 1 t-classes
of members of #, {Ai}i_,,..., {Ak+ )iz, Where Aic 4}, for1 <i<ge1<I<t
and 1 <j < k. On the other hand, our probabilistic argument easily supplies an
upper bound of p(k) m**1* 2179 for the number of these collections. Thus,

p(k)m(k+1)t 2n(1—6t) > #(k) m(k+1)t m_g,‘ln

<|#F| < % _ | such that the number of
kE+1

o . 2 . :
Substituting m = 20/**1*dm gn4d choosing t = 5 Ve obtain that g’ > v/(k)6**!, i.e.,

g = v(k)6**1. This establishes Theorem 1.4. a

5. Generalizations

For r > 2 and for a family & of subsets of X define
d(F) = {{F, Fy,...,E}: Fy,...,F,e #,F,N...NF, = &}I.
Thus d,(#)counts the number of r-tuples with empty intersection. (Note that d,(#)
)

= d(#).

Theorem 5.1. Suppose |F|=m > 2€¢~V*d" where § > 0 and r > 2. Then d,(F)
= o(T) (asn— 0,8, r fixed.)
Note that one can easily find an & of size ~ 2U~1"" with d,(F) = Q,(F").

Outlined Proof. Apply Lemma 3.1 with sufficiently small constants «, §, 7, &, and with
a = 217Y*3 o obtain subfamilies & of & with corresponding subsets X; of X.
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r —

1 6
+ §>n. Conse-

Clearly (as in Section 3) if n is sufficiently large then | X;| > (

. . . 0 .
quently, any r of the X;-s have an intersection of size > zz—n. If B is small enough r

applications of condition (iv) of Lemma. 3.1 imply (as in Section 3) that the number
of r-wise disjoint r-tuples of members of # is < (1 — (1 — &) )m" + em”. Since ¢ is
arbitrary the result follows. O

For s > 2 and a family & define p(#) = [{{F\, F,,....F,}: Fe#, FNF=g
for 1 <i<j < s}l,ie., p(#) counts the number of pairwise disjoint s tuples. (Note
that p,(#) = d,(F)).

Theorem 5.2. Suppose |F|=m >2(9*" ywhere §>0 and s> 2. Then
p(F)=o0 <<r:>> (as n— 0,4, s fixed).
Again note that one can easily find an & of size >~ 29" with p(F) = Q,(|F|%).
Outlined Proof. Apply Lemma 3.1 with sufficiently small «, 8, y, ¢ and with a =
s
position 3.2 among any s of the X;-s there are two, say X;, X;., with |[X; N X,| >

I 1 6
209+ 4 get & and X,;. As before, if n is large enough | X;| > < + E)n. By Pro-

n. Condition (iv) of Lemma 3.1 implies, again, the desired result. O

Fors > 2 and a family & define ¢ (%) = {(#, Fa,....F)FFeF,Fic F,c...
< F}, i€, c(%) is the number of chains of s members of . (Note that c,(%F)
= ¢(F)).

Theorem 5.3. Suppose |F|=m =244 ywhere §>0 and s>2. Then

()

Here also there is an & of size ~ 29" with ¢(#) = Q,(|#|*). The proof is
similar to the previous ones. We omit the details.

Remark. Theorems 5.1, 5.2 and 5.3 can also be proved using probabilistic arguments,
as in Section 2. Moreover, the probabilistic method supplies better estimates of the
quantities discussed. However, since this involves somewhat tedious computations,
we preferred presenting the proofs via Lemma 3.1.

6. Concluding Remarks and Open Problems

Recall that in Section 2 we proved that if m = 2(1/2*9" thep
c(n,m) < 4m*~ %12,

This inequality does not appear to be best possible, and in particular it does not
seem to describe the asymptotic behavior of c(n, m) for m = 2(1/2"-p,

Example 6.1. Suppose X = X, UX,, |X,| = |X,| = n/2. Define
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FY={FcX:|[FNX, <d},

Set F = FD = FOUFP. Then

=0\ I

d
m=|F| =202+ (n/2> = Q2" n?) and ¢(F) > 2—24—1(';)
This example disproves a conjecture of Erdos [4]. We suspect that the following
is true.

Conjecture 6.2.
lim ¢(n, 2% - n?)/(202 - n!)? =0.
d- o

Recall the definitions of d,(%), p,(#) and c¢,(#) given in Section 5. It would be
interesting to describe the asymptotic behavior of these functions.

We conclude the paper noting that all our results remain true if we replace
disjointness by having sufficiently small intersection. For example, our methods
easily imply that if &' < 25 and | & | > 2(¥2)+" then

F
|{{F,F'}: F,F e F|FNF| <& n}| = o<' ) ')

asn— o0, &' < 26 fixed.
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